ASCE

American Society
of Civil Engineers

Board Publications Committee
Andrew W. Herrmann, PE., FASCE, Chair
Kenneth L. Carper, M.ASCE
Gregory E. DilLoreto, PE., L.S., FASCE
William M. Hayden Jr., Ph.D., PE., FASCE
Thomas M. Rachford, Ph.D., PE., FASCE
Robert H. Wortman, Ph.D., M.ASCE
Bruce Gossett, Aff.M.ASCE, ASCE Saff
Contact

Publications
Bruce Gossett, Managing Director and
Publisher

Journals Department

Johanna M. Reinhart, Director, Journals

Elizabeth Horowitz, Managing Editor,
Journals

Holly Koppel, Discussions and Closures

Production Department

Charlotte McNaughton, Director, Production

Teresa Metcalfe, Manager, Journals
Production

Gene Sullivan, Senior Production Editor

Nancy Green, Production Editor

Rajashree Ranganathan, Production Editor

Xi Van Fleet, Manager, Information
Services

Donna Dickert, Reprints

Publishing Office

Journals Department

ASCE

1801 Alexander Bell Drive
Reston, VA 20191-4400
Telephone: (703) 295-6290
E-mail: journal-services@asce.org

Jougnal o]‘
Engineering
Mechanics

VOLUME 133/ NUMBER 8

Technical Papers

855

864

874

887

899

911

919

933

942

Dynamic Load Simulator: Actuation Strategies and Applications
Snaroop K. Yalla and Ahsan Kareem

Adaptive Control Strategy for Dynamic Substructuring Tests
C. N. Lim, S A Neild, D. P. Soten, D. Drury, and C. A. Taylor

Free-Vibration Analysis and Material Constants Identification of Laminated
Composite Sandwich Plates
C.R Leg T. Y. Kam, and S J. Sun

Large-Eddy Simulations on Indoor/Outdoor Air Quality Relationship in an
Isolated Urban Building
Murphy K. K. Lai and Andy T. Y. Chan

Sediment Resuspension and Hydrodynamics in Lake Okeechobee during the
Late Summer
Kang-Ren Jin and Detong Sun

Crack Bridging in Polymer Nanocomposites
Muralidhar Seshadri and Sunil Saigal

Modeling Cross Anisotropy in Granular Materials
Andrei V. Abelev, Suresh K. Gutta, Poul V. Lade, and Jerry A. Yamamuro

Closed-Form Solutions for Flexural Response of Fiber-Reinforced Concrete
Beams
C. Soranakom and B. Mobasher

Identification of Concentrated Damages in Euler-Bernoulli Beams under Static
Loads
G. Buda and S. Caddemi

Technical Notes

957

Asymptotic Derivation of Shear Beam Theory from Timoshenko Theory
Dewey H. Hodges

Downloaded 05 Oct 2010 to 188.217.156.109. Redistribution subject to ASCE license or copyright. Vishttp://www.ascelibrary.org

AUGUST 2007


http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000855000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000855000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000864000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000864000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000874000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000874000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000874000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000887000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000887000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000887000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000899000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000899000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000899000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000911000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000911000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000919000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000919000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000933000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000933000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000933000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000942000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000942000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000942000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000957000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JENMDT000133000008000957000001&idtype=cvips




1 |dentification of Concentrated Damages in Euler-Bernoulli

> Beams under Static Loads
3 G. Buda® and S. Caddemi?
4

5 Abstract: An identification procedure of concentrated damages in Euler-Bernoulli beams under static loads is presented in this work. The

6 direct analysis problem is solved first by modeling concentrated damages as Dirac’s delta distributions in the flexural stiffness. Closed-

7 form solutions for both statically determinate and indeterminate beams are presented in terms of damage intensities and positions. On this

8 basis, for the inverse damage identification problem, a nonquadratic optimization procedure is proposed. The presented procedure relies

9 on the minimization of an error function measuring the error between the analytical model response and experimental data. The procedure
10 allows to recognize “a posteriori” some sufficient conditions for the uniqueness of the solution of the damage identification problem. The
11 influence of the instrumental noise on the identified parameters is also explored.

12 DOI: XXXX

%431 CE Database subject headings: Damage; Beams; Static loads; Parameters; Stiffness; Structural elements.

15

16 Introduction

17 In the literature of the last decades the problem of damage iden-
18 tification has been the object of several studies in view of its
19 applicability to those cases in which a simple visual inspection of
20 the damaged structural element is not allowed. The appearance of
21 damage implies a loss of the structural stiffness inducing variation
22 of both static and dynamic response. Response measurements,
23 hence, represent crucial data for damage identification. Experi-
24 mental data can be obtained by nondestructive tests that represent
25 the starting point of damage identification procedures. Single non-
26 destructive tests in dynamic regime provide, in general, a large
27 amount of information, and furthermore, since they are easily
28 repeatable, encourage a wide research work devoted to the study
29 of dynamic identification procedures (Vestroni and Capecchi
30 1996, 2000; Sinha et al. 2002; Patil and Maiti 2003). However, in
31 cases of simple structural systems, such as straight beams subject
32 to damage, static tests are easily executable and provide addi-
33 tional information to dynamic identification without any introduc-
34 tion of uncertainties due to masses and damping ratios. In the
35 literature there are in fact studies, although less numerous, pro-
36 posing identification procedures based on measurements by static
37 tests aiming at identification of both physical and geometrical
38 parameters of structural systems, and also discretized by means of
39 finite elements (Banan et al. 1994a,b; Hjelmstad and Shin 1997
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Sanayei and Scampoli 1991). 40

An optimization procedure for damage identification in 41
straight beams by means of bending moment measurements by 42
static tests has been recently proposed (Di Paola and Bilello 43
2004). In the latter procedure the damage has been modeled as a 44
distortion superimposed to the undamaged beam. Since the dis- 45
tortion is function of the stress distribution in the damage beam, a 46
different treatment is required by statically determinate and inde- 47
terminate beams. 48

In this study the identification problem of concentrated dam- 49
ages, such as cracks in Euler-Bernoulli beams by means of static 50
response measurements, is dealt with. Since no crack closure phe- 51
nomenon is considered, a linear behavior of the damaged beam is 52
assumed. 53

First, the direct analysis problem under static loads is treated 54
by considering the concentrated damage as a singularity of the 55
flexural stiffness, without introducing any restriction concerning 56
the damage intensity. The above-mentioned singularity is mod- 57
eled by means of the well known Dirac’s delta distribution. The 58
treated case requires ad hoc integration rules of distributions re- 59
cently discussed (Biondi and Caddemi 2005). The proposed ap- 60
proach for the direct analysis problem leads to an explicit re- 61
sponse in terms of intensity and position of the damage. 62

The inverse identification problem is here studied by means of 63
an optimization procedure of a function measuring the error of the 64
model response with respect to experimental measurements. The 65
error function, on the basis of the approach adopted for the direct 66
analysis problem, is formulated as an explicit nonquadratic func- 67
tion of the parameters to be identified. Application of the pro- 68
posed optimization procedure permits important indications con- 69
cerning the position of measurements and the types of load 70
conditions for the execution of static tests. Finally, sensitivity of 71
the identification procedure to instrumental noise affecting the 72
experimental data is also studied by modeling the noise as a ran- 73
dom variable and adopting suitable probabilistic indices of the 74
identified parameters. 75
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’6 Concentrated Damage Model for Euler-Bernoulli
77 Beams

78 The presence of damage in a continuous body determines a loss
79 of some physical parameters of the material to be held in an
80 appropriate constitutive model. In the case of damage caused by
81 the presence of a crack it is well known that, besides the stress
82 concentration occurring at the crack tip, there is a zone, adjacent
83 to the crack, denoted as “ineffective” in view of its low stress
84 level.
85  If a straight beam is subjected to a concentrated damage, such
86 as a crack or a saw cut at a certain cross section, the presence of
87 the ineffective zone in the crack vicinity can be accounted for by
88 a loss of the flexural stiffness in the Euler-Bernoulli beam theory.
89 In this study, since the final aim concerns the detection of the
90 crack on the basis of suitably designed static tests, phenomena
91 such as closure or propagation of the crack will not be considered;
92 hence, the beam will show a linear behavior. In the literature,
93 several models of flexural stiffness variation over a finite leg of
94 the beam in the vicinity of the crack have been proposed (Ani-
95 fantis and Dimarogonas 1993; Chondros et al. 1998; Christides
96 and Barr 1984; Ostachowicz and Krawczuk 1991; Paipetis and
97 Dimarogonas 1986; Sinha et al. 2002). A comparison of these
98 models has been reported by Cerri and Vestroni (2003). Whatever
99 variation law is adopted for the flexural stiffness over the finite
100 interval of the beam, an equivalence criterion allows modeling of
101 the considered concentrated damage as an internal hinge located
102 at the same cross section endowed with rotational spring whose
103 “equivalent” stiffness is dependent on the damage intensity. In
104 this study, for the case of a uniform rectangular cross-section
105 beam, the following expression for the stiffness of the equivalent
106 rotational spring is applied (Bilello 2001)

_E1,09(B - 1)?
107 "~ h B2-pB)

108 where E=Young’s modulus of the material; |,=inertia moment of
109 the undamaged section; h=cross section height; and 3=d/h, sub-
110 jected to inequalities 0B =<1, is the ratio between the crack
111 depth d and the cross section height h. Henceforth, the B param-
112 eter will be addressed as “damage intensity parameter.”

113 The adoption of Eq. (1) for the stiffness of the equivalent
114 rotational spring, proposed in the case of the rectangular cross
115 section with a crack normal to the beam axis (Bilello 2001), does
116 not represent a limitation for the present study. In fact, for differ-
117 ent cross sections, different equivalent stiffness models can also
118 be adopted in the damage identification procedure proposed in
119 this paper. Furthermore, different types of damage (such as cracks
120 not normal to the beam axis or even diffused) can also be treated
121 provided they can be modeled by means of an equivalent rota-
122 tional spring whose stiffness should replace that adopted in
123 Eq. (2).

124  The Euler-Bernoulli beam model, adopted in this study in
125 order to perform the damage identification procedure, under static
126 loads and for the general case of variable inertia moment I(x), is
127 governed by the following equations

(oY)

128 T'(x) =q(x), (2a)
129 M’ (X) = T(x) (2b)
130 () =-u'(x), (20)
131 X(X) = @' (x) (2d)
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X(X) = M(X)/El(x) (2e)
where q(x)=external vertical load; T(x) and M(x)=shear force
and the bending moment, respectively; u(x), ¢(x), and x(x) are
the deflection, slope, and curvature functions, respectively; and
the prime denotes differentiation with respect to the spatial coor-
dinate x, spanning from 0 to the length L of the beam.

The differential Egs. (2a)—(2d) represent the equilibrium and
the compatibility equations, while the algebraic Eq. (2e) is the
constitutive equation relating curvature and bending moment
through the spatial variable flexural stiffness EI(x).

Combining the equilibrium, the compatibility and the consti-
tutive equations yields to the following fourth-order differential
governing equation in terms of deflection only

[EICQU"(X)]" = q(x) @)

where the spatial variability of the flexural stiffness has to be
accounted for.

In this study, Eq. (3), holding over the entire domain 0<Xx
<L, will be adopted in order to describe an Euler-Bernoulli beam
showing a slope discontinuity at x, equivalent to the presence of
a concentrated damage. However, with this aim, a constant inertia
moment |, of the cross section along the beam span, showing a
singularity at X,, is considered as follows

1(X) = To[1 — ad(X = Xo)] (4)

where the singularity is represented by a Dirac’s delta distribution
3(X—Xxp), centred at X,, multiplied by a dimensional parameter .

The model introduced by means of Eq. (4) indicates that the
inertia moment is a distribution; hence, according to the distribu-
tion theory (Guelfand and Chilov 1972; Hoskins 1979; Lighthill
1958), Eq. (4) is a synthetic notation implying that I(x) is not
defined at xy but its properties are defined by integration after
multiplication by test functions. In this sense, according to Eq. (4)
the inertia moment does not take negative values at x,, but inte-
gration operation used in this work can be performed by means of
integration rules of Dirac’s delta. However, even though Eq. (4) is
considered as representative of a function, rather than a distribu-
tion, in this section it is proved that the parameter o does not
assume values greater or equal to 1, hence the inertia moment
does not take negative values.

A deeper interpretation of the inertia moment model adopted
in Eq. (4) is not straightforward and requires a careful insight into
the distribution theory presented in a recent work (Biondi and
Caddemi 2005).

Substitution of Eq. (4) into the fourth-order governing differ-
ential Eq. (3) leads to

{Elo[1 = ad(x = Xo) Ju"(x)}" = q(x) (5)

Double integration of Eqg. (5), in view of the compatibility Egs.
(2c) and (2d), leads to the following equation

g0 + ¢, + ex

u’(x) = -
(x) el

x(X) = - al’(X)d(x=x%y)  (6)

where gl indicates a primitive of order k of the external load
function q(x); and c; and c, are integration constants. It has to be
noted that the primitive of order two, g%, of the load function
q(x) is usually a continuous function, even in those cases showing
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184 singularities of the external load such as abrupt variations of the
185 external load (modeled as unit step functions) or concentrated
186 loads (modeled as Dirac’s deltas) (Yavari et al. 2000; Falsone
187 2002).

188 The loss of continuity of gf4(x) is due only to the presence of
189 concentrated external moments (modeled as doublet distribu-
190 tions). However, in the latter case the discontinuities are never
191 assumed to be coincident with the singularity of the inertia mo-
192 ment at X,.

193  The curvature function x(x) expressed under the form of Eq.
194 (6) does not explicitly justify the inertia moment model adopted
195 in Eq. (4), in view of the presence of the term u”(x)3(x—X,) on the
196 right-hand side. However, multiplying both sides of Eq. (6) by
197 8(x—X,) the following expression is obtained

[2]
g-(x) + ¢, + CX

" 8 — = —8 —
108 u"(X)3(X = Xo) el (X=%)

199 + al”(X)d (X = Xg)d(X = Xo) (7)

200 The first term on the right-hand side of Eq. (7) can be considered
201 as a standard Dirac’s delta distribution in view of the continuity of
202 qi4(x) at x,, previously discussed. The second term contains the
203 product of two Dirac’s deltas both centred at xo. In order to give
204 Eq. (7) some mathematical meaning, the product definition of two
205 Dirac’s deltas proposed by Bagarello (1995, 2002) is adopted
206 here. Bagarello indicates that the product of two Dirac’s deltas
207 both centred at X, can be reduced to a single Dirac’s delta multi-
208 plied by a constant A

209 B(X = X0)B(X = Xp) = AB(X ~ Xo) 8

210 A set of values for the quantity A, defined by Bagarello (1995),
211 for which Eq. (8) holds, is reported in the Appendix.

212 Since this study, besides the adopted distribution theory, aims
213 at capturing physical aspect of an engineering problem, the con-
214 stant A is required to be dimensional, and as shown later, consis-
215 tent with the dimension of the Dirac’s delta.

216 Replacing Eq. (8) in Eq. (7) leads to

1 g¥x) +cp+cox
00X 30 = = 2
0

17 d(x=%)  (9)

218 Substitution of Eq. (9) in Eq. (6) provides the following explicit
219 expression for the curvature x(x)

[21(x) + ¢, + C,X
9 (X)+cp+Cy 1+ a 5(X = Xo)
El, 1-aA

220 (10)

X() =-u"(x) =

221 The importance of Eq. (10) must be highlighted in view of its
222 capability of justifying the inertia moment model adopted in Eq.
223 (4). In fact, according to Eq. (10) the curvature x(x) is given as
224 superimposition of a Dirac’s delta distribution, centred at X, to
225 the function [g2)(x) + ¢, +c,x]/El, definitely continuous at xy. As
226 a consequence, the slope function ¢(x), in view of Eq. (2d),
227 shows a discontinuity at x,. The latter circumstance indicates that
228 the choice of Eq. (4) for the inertia moment represents a beam
229 with an internal hinge with rotational spring at the abscissa X,.
230  Double integration of Eq. (10) provides the following expres-
231 sions for the slope function ¢(x) and the deflection function u(x)
232 (Biondi and Caddemi 2005)

e(x)=-U'(x) 233
:_CS-EC—:O{X+$U(x—x0)}+ 234
B 2§O[X2+21 —aaAXOU(X_XO)] B qu]l(: ) 235
_ﬁ%ﬁ;&U(X_XO) (11) 236
U(X) = €4 + CgX + ! [x2+2 < (x—xo)U(x—xo)] 237
2El, 1-aA

+ ﬁ{xﬁeﬁw—xgw(x—x&} i %(OX)

T Aq[ZE]f:O)(X_Xo)U(X_Xo) w

where U(x—X,) indicates the well-known unit step distribution, 240
also known in the literature as Heaviside’s function, representing 241
the formal primitive of the Dirac’s delta, showing discontinuity at 242
Xo, defined as U(x—x,)=0 for x<<X,, U(Xx—X,)=1 for x=Xx,. Fur- 243
thermore, constants c;, C,, C3, and c, appearing in Egs. (11) and 244
(12) can be obtained by means of enforcement of boundary con- 245
ditions. In particular, mechanical conditions require the knowl- 246
edge of the bending moment M(x) and the shear force T(x) func- 247
tions. 248

The bending moment M(x) is obtained by means of Eq. (2e) 249
and Eq. (10), after simple algebra and accounting for the product 250

of two Dirac’s deltas, as follows 251
M) = EI0Ox(X) = = ey + ¢x+ g?(x)] (13) 252
Differentiation of Eqg. (13), in view of Eq. (2b), leads to the fol- 253
lowing expression for the shear force T(x) 254
T(X) = - ¢, + gH(x) (14) 255

In the case of statically determinate beams, the influence of the 256
discontinuity on the response by means of the parameter o is 257
expected through the constants c; and ¢, only, once the boundary 258
conditions are enforced, since it is well known that in this case 259
M(x) and T(x), where ¢, and c, appear, should not depend on the 260

physical characteristics of the beam. 261
The slope function ¢(x) provided by Eq. (11) shows at X, the 262
following discontinuity Ae(X,) 263

1
20() = ¢(x) = 06) = = £~ e+ o+ o]

(15) 264
where x; and Xj=abscissae on the right and on the left of x;, 265
respectively. The discontinuity Ae(x,) provided by Eq. (15) rep- 266

resents the relative rotation between the cross sections at x; and 267
Xg, & consequence of the inertia moment model adopted in Eq. (4). 268

Comparison of Eq. (13) and Eq. (15) leads to 269
a M%)
A = _— 1
¢ =TT AR 18) 10

Eq. (16) provides the relationship between the relative rotation 271
Ag(xy) and the bending moment M(x,) at X,, suggesting the in- 272
terpretation of inertia moment model of Eq. (4) as an internal 273
hinge at x, endowed with rotational spring stiffness K, given as 274
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Fig. 1. Variation of the parameter «, adopted in the inertia moment
model, with the damage intensity parameter g for different values of
the cross section height h

1-aA

K, = El
275 ¢ o 0

17

276 Dimensional analysis of Eq. (17) requires the A constant to be
277 measured as the inverse of a length, the parameter « as a length,
278 and as a consequence the Dirac’s delta, appearing in Eq. (4) is a
279 distribution to be measured as the inverse of a length.

280  The stiffness K, of the rotational spring at X, given by Eq. (17)
281 is dependent on the parameter « introduced in the inertia moment
282 model of Eq. (4). The stiffness K, is here adopted to reproduce
283 the stiffness K¢, of the rotational spring at x,, given by Eq. (1),
284 equivalent to the damage intensity B. Hence, for a given rota-
285 tional spring stiffness K, the related value of the parameter o
286 has to be obtained by Eq. (17) as a =Ely/(Kg+AEl,) for a value
287 of the quantity A among those proposed by Bagarello (1995).
288  However, a direct relationship between the damage intensity
289 parameter B and the parameter « can be obtained by equating
290 Egs. (1) and (17), leading to the following expression for the
291 parameter o

_ 2p - p*
202 “ 7 (0.9/h- A)RZ- (0.9/h- A28 + (0.9/h)

293 Eq. (18), for a value of the quantity A among those proposed by
294 Bagarello (1995), provides the parameter «, to be adopted in the
295 model with singularity given by Eq. (4) as function of the damage
296 intensity parameter .

297  According to Eq. (18), for damage intensity parameter =0
298 (i.e., no damage), it is also a=0, and, in view of Eq. (17), the
299 rotational spring stiffness K, =cc. Under the latter circumstance,
300 any relative rotation is forbidden at x, and the case of constant
301 inertia moment |, of the entire beam is recovered.

302  On the other hand, for damage intensity parameter =1 (i.e.,
303 the damage affects the entire height of the cross section), the
304 parameter « obtained by Eq. (18) attains the value 1/A leading to
305 a rotational spring stiffness equal to zero.

306  The expression in Eq. (18), dependent on the height h of the
307 cross section, is a monotonic function in the range of 0<B <1,
308 plotted in Fig. 1, where for the quantity A the first value among
309 those proposed by Bagarello (1995) has been chosen (evaluated
310 as A=2.013 cm™, as shown in the appendix, for indices j=2 and

(18)
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m=2 in Bagarello’s paper). Hence, for significant values of dam-
age intensity factor 0<B =<1, the parameter « is such that 0
<a<1/A, where 1/A<L1.

It has to be pointed out that curves plotted in Fig. 1 have been
obtained by expressing the height h in centimeters. Since Eq. (18)
is dependent on the adopted unit of measure, the value of o can
be different even for a fixed value of B. However, the value of «,
provided by Eq. (18) and replaced in Eq. (17) will provide the
correct value of stiffness K, equal to the rotational spring stiffness
K in Eg. (1), equivalent to the concentrated damage.

The model presented in this section for a sole singularity of the
inertia moment leads to the explicit solution, reported in Eq. (12),
as function of the intensity and position damage parameters. Eq.
(12), solution of the direct analysis problem, will be adopted in
the next section for the inverse problem aiming at damage iden-
tification.

However, since the presence of multiple damage in a beam can
occur, generalization of the explicit solution to the case of mul-
tiple singularities is also presented in this section.

The model of inertia moment 1(x) with a singularity proposed
in Eq. (4) can be extended to the presence of n singularities as
follows

(19)

I(x) = |o[1‘2 aié(x—xm)]

i=1

where «;(i=1,...,n) parameters are the intensities of the singu-
larities present at abscissae xq;(i=1, ...,n). The model adopted in
Eq. (19), in light of Eq. (17), corresponds to the presence of n
internal hinges at X, endowed with rotational spring stiffnesses
K(Pi:Elo(l_OiiA)/OLi.

Integration of the governing equation of Euler-Bernoulli beam
with inertia moment given by Eq. (19) can be conducted accord-
ing to a procedure analogous to that presented for a sole singu-
larity, leading to the following expression for the deflection func-
tion

n
o
U(X) = ¢4 + Cax + cl{x2+22 !

i=1 1- (xiA(X_ XOi)U(X_ x0|):| + CZ|:X3

S ) ) adx)
"'62 1—(xiAXOi(X X)) U(X XOi):| + El,
: o q7xg) B B
+21 ImwA B, XU %) (20)

Eq. (20) represents the solution of the direct analysis problem for
the case of multiple damages if the parameters o;(i=1,...,n) are
strictly related to n damages with intensities B; according to the
relationship given by Eq. (18). Eq. (20) will be adopted in the
following section to perform a solution procedure of the damage
identification inverse problem.

Optimization Procedure for Damage Identification

The aim of this section is identification of the intensity and posi-
tion of concentrated damages in a beam, if measurements of the
deflection at selected cross sections are given by static tests. In
particular, it is supposed that deflection measurements at nm cross
sections are given by the execution of static tests for nlc different
load conditions.
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360 The identification procedure adopted is based on the explicit
361 solution in terms of deflection function of the direct analysis
362 problem proposed earlier.

363  Damage identification is achieved by means of the following
364 minimization problem

nlc nm
min H (ctj, Xop) = E E LU, X, Xmy) = UE(Xm,|)]2
365 @ Xoj =1 m=1
366 subject to
367 Osoy<1A 0sx;=<L(@i=1,...,n (21)

368 Therefore, given a beam with n damaged cross sections, with
369 unknown intensity and position of damages, the optimization
370 problem represented by Eq. (21) provides the sought values of «;
371 and x,(i=1,...,n) as those that minimize the function II. The
372 error function IT(w;,Xy;) is defined in Eq. (21) as the square of the
373 difference between deflection of the Euler-Bernoulli damaged
374 beam model u(a;,Xg,X), presented in Eq. (20), and the experi-
375 mental deflection measurements uE(me) at nm different cross sec-
376 tions for nlc different load conditions indicated as xq,
377 (m=1,...,nm;I=1,...,nlc). The problem reported in Eq. (21) is
378 not a quadratic optimization problem in view of the nonlinear
379 dependence of the deflection function given in Eq. (20) on inten-
380 sities «; and positions xq; of damages. Additional nonlinearities
381 are hidden in the ¢y, c,, c3, and ¢, constants to be evaluated in Eq.
382 (20) by means of enforcement of boundary conditions.

383 In this study, rather than exploring aspects regarding solution
384 algorithms of Eq. (21), the solution procedure proposed in the
385 literature for identification procedures in dynamic field (\Vestroni
386 and Capecchi 1996, 2000; Cerri and Vestroni 2000), and recently
387 recast for static identification problems (Di Paola and Bilello
388 2004), is adopted.

389  The mentioned solution procedure is efficient for the search of
390 the solution of Eqg. (21) with particular regard to the position
391 variables X, appearing as arguments of the unit step functions in
392 Eqg. (20). The solution procedure is performed according to the
393 following two phases: (1) minimization of the error function II,
394 with respect to the «; parameters only, for fixed values of damage

395 positions Xg;, leading to the reduced error function ﬁ(in):minai

396 (o, Xy;), Where each value of TI(x;) will be coupled to the op-
397 timal values of «;; and (2) minimization of the reduced error

398 function ﬁ(in) with respect to the positions X;.
399  The solution of the inverse identification problem is provided

400 by min, - I1(xg;) together with its coupled values «;.

401 It is known (Banan et al. 1994a; Hjelmstad and Shin 1997
402 Vestroni and Capecchi 2000) that the number of measurements
403 required for the solution of the inverse identification problem
404 must be greater or equal to the number of parameters to be iden-
405 tified; hence the following inequality must be satisfied

406 nlc X nm= 2n (22)

407 Eq. (22) is understood as a necessary condition for the solution of
408 the damage identification problem. To the authors’ knowledge no
409 sufficient conditions have been formulated neither regarding the
410 position of the measurements nor the position and distribution of
411 the external loads.

412 In what follows, by making use of the above-mentioned opti-
413 mization procedure, attention will be devoted to the analysis of
414 the results of single and double damage identification problem.
415 Aim of the study is testing the proposed identification procedure,
416 rather than the adopted damaged beam model, and providing, in

addition to Eq. (22), indications concerning measurement and 417

concentrated load positions for a correct formulation of the iden- 418
tification problem. To this aim, the given deflection measurements 419
UE(Xy,) appearing in Eq. (21) are generated by means of the ex- 420
plicit solution in Eq. (20) of the adopted model; subsequently, the 421
influence of experimental errors on the proposed procedure is 422
investigated by means of superimposition of a random variable to 423
the generated deflection measurements. Performance of the pro- 424
posed identification procedure on the basis of acquisition of de- 425
flection measurements by real laboratory static tests will be sub- 426
ject of future work. 427

Identification of a Single Concentrated Damage 428

In this section a steel beam with Young’s modulus E=210 GPa, 429
length L=100 cm, and square cross section with height h=5 cm 430
under different boundary conditions is considered. A single con- 431
centrated damage due to a crack with depth d=2.5 cm, at the 432
cross section xq=40 cm, is object of identification by means of 433
the proposed procedure. 434

The ratio between the crack depth d and the cross-section 435
height h, named damage intensity parameter B, takes the value 436
B=0.5. From now on, for the constant A the first value among 437
those proposed by Bagarello (1995) A=2.013 cm™ will be 438
adopted. For =0.5 and A=2.013 cm™, Eq. (18) provides « 439
=0.4824 cm. 440

The first damage identification case is solved on the basis of 441
the knowledge of two deflection measurements (nm=2) at x, and 442
X, here obtained by means of the explicit solution provided by Eq. 443
(20) for a single load condition (nlc=1) given by a concentrated 444
load P=2 kN at abscissa Xp. It has to be noted that the choice of 445
two measurements (nm=2) and a single load condition (nlc=1) is 446
in accordance with the necessary condition in Eq. (22) required 447
for the solution of the inverse identification problem of single 448
damage (n=1). However, since the existence of sufficient condi- 449
tions regarding the positions x; and x, of deflection measurements 450
has not been proved in the literature, in this section correct 451
choices of measurement positions leading to a unique solution of 452
the identification problem will be studied. 453

In the case of a pinned-pinned beam two deflection measure- 454
ments at x; =30 cm and X,=70 cm bridging the crack to be iden- 455
tified are considered first. Equation (12), for the load P=2 kN 456
concentrated at xp=60 c¢m, provides the following deflection mea- 457
surements US(x;)=u;=0.0362 cm at x;=30 cm and uf(x,)=u, 458
=0.0362 cm at x,=70 cm. The identification procedure presented 459
previously has been applied to identify the position X, and the 460
parameter « of the concentrated damage. In Figs. 2(a and b) the 461

reduced error function 1~7(x0) and the error function II(«, %y) with 462
its contour lines are plotted. The reduced error function in Fig. 463
2(a) takes the zero value, as minimum value, at X,=40 c¢cm, and it 464
is coupled to the optimal value of «=0.4824 cm. The results are 465
confirmed by the error function 1(«,X,) in Fig. 2(b), where the 466
contour lines, in the range 0<a<1/A=0.4968 cm and 0<x, 467
=<L=100 cm show the unique minimum for x,=40 cm and « 468
=0.4824 cm, which is the exact solution. 469

The same identification problem has been also solved by con- 470
sidering two deflection measurements of two cross sections both 471
lying on the right hand side of the crack to be identified. In par- 472
ticular, the identification procedure has been performed given the 473
following deflection measurements uf(x;)=u,=0.0360 cm at X, 474
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Fig. 2. Pinned-pinned beam with a single damage and two deflection

measurements bridging the crack: (a) reduced error function ﬁ(xo);
(b) error function log IT(«,Xg) with its contour lines

475 =70 cm and Uf(x,)=u,=0.0135 cm at X,=90 cm obtained by
476 means of Eq. (20).

477 The reduced error function II(x,), plotted in Fig. 3(a), attains
478 the zero value in the region approximately between 10 and 70 cm;
479 hence a unique solution of the damage identification problem can-
480 not be recognized. In fact, the contour lines of the error function
481 I(a,Xg) plotted in Fig. 3(b) show the presence of an entire valley
482 where the absolute minimum in reached.

483  Further identification problems on the pinned-pinned beam,
484 based on different couples of deflection measurements, although
485 not reported here, have been performed and confirmed the
486 uniqueness of the solution for couples of measurements bridging
487 the crack to be identified.

488  In order to study whether the positions of two measurements
489 bridging the crack can be considered sufficient for the uniqueness

6 / JOURNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2007

Fig. 3. Pinned-pinned beam with a single damage and two deflection
measurements on one side of the crack: (a) reduced error function

ﬁ(xo); (b) error function log IT(«,X) with its contour lines

of the solution of the identification problem, a clamped-pinned
beam, a clamped-clamped beam, and a clamped-free beam have
been also considered.

For a clamped-pinned beam under the concentrated load P at
X,=80 cm, if two measurements at x,=30 cm and x,=70 cm are

available, the reduced error function II(x;) and error function
II(«, %), plotted in Fig. 4, shows the existence of a unique mini-
mum correspondent to the exact solution.

For a clamped-clamped beam under the concentrated load P at
Xp=50 cm, it is shown in Fig. 5 that once again, a unique mini-
mum, correspondent to the exact solution, is reached by the error
function for two measurements bridging the crack.

The case of a clamped-free beam shows different peculiarities
since, for two measurements bridging the crack x;=30 cm and
X,=70 cm and a concentrated load at the free end, the error func-
tion in Fig. 6 shows several peaks defining an entire region where
the exact solution cannot be uniquely identified. In this case dif-
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Fig. 4. Clamped-pinned beam with a single damage and two deflec-
tion measurements bridging the crack: (a) reduced error function

ﬁ(xo); (b) error function log IT(«, %) with its contour lines

507 ferent measurement positions have been also considered in order
508 to find a unique and exact solution. In Fig. 7 the error function for
509 two measurements both on the left of the crack, x;=10 cm and
510 X,=30 cm, still shows the existence of infinite solutions of the
511 identification problem. Finally, the case of two measurements
512 taken on the right of the crack at x; =60 cm and x,=90 cm, shown
513 in Fig. 8, leads to a unique minimum of the error function coin-
514 cident with the exact solution.

515 It can be noted that measurements have to be taken one at the
516 left and one at the right of the crack for the cases of clamped-
517 clamped, clamped-pinned, and pinned-pinned beams, while for
518 clamped free beams, couples of measurements have to be taken
519 on the side of the crack toward the free end, provided that the
520 load position allows the crack to be open.

521 If real experimental tests are executed to identify a single
522 crack whose position is not a priori known, it is suggested to

Fig. 5. Clamped-clamped beam with a single damage and two de-
flection measurements bridging the crack: (a) reduced error function

ﬁ(xo); (b) error function log IT(«,Xg) with its contour lines

choose two deflection measurements at x; and x, close to the left 923
end and to the right end, respectively, for cases of pinned-pinned, 524
clamped-pinned, and clamped-clamped beams in such a way that 525
the damage will most likely lie between x; and x,. In the case of 526
a cantilever beam, it is instead suggested to choose measurements 527
next to the free edge of the beam. The second damage identifica- 528
tion case is solved with one deflection measurement (nm=1) only 529
at x,=70 cm. In order to enforce the necessary condition given by 530
Eq. (22) at least two load conditions (nlc=2) have to be ac- 531
counted for. 532

In this case suitable choices of the load conditions to be 533
adopted in experimental tests are studied in order to obtain 534
uniqueness of the solution of the damage identification problem. 535
The case of a pinned-pinned beam under a concentrated load type 536
P=2 kN is presented. In particular, two concentrated load condi- 537
tions at xp; =30 cm and xp, =60 cm, bridging the crack, are con- 538

sidered first. The reduced error function 7]()(0) plotted in Fig. 9(a) 539
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Fig. 6. Clamped-free beam with a single damage and two deflection

measurements bridging the crack: (a) reduced error function ﬁ(xo);
(b) error function log IT(«,Xg) with its contour lines

540 shows a zero value as absolute minimum at x,=40 cm. The error
541 function II(ax,) plotted in Fig. 9(b) shows a unique minimum for
542 Xy=40 cm and a=0.4824 cm, correspondent to the exact solution
543 of the damage identification problem.

544 Then, two concentrated load conditions, both on the right hand
545 side of the crack, at xp; =50 cm and Xp,=60 cm, are considered.
546 The damage identification procedure in this case provides the

547 reduced error function II(x,) plotted in Fig. 10(a), not showing a
548 unique minimum, but on the contrary, attaining the zero value in
549 the entire region approximately between 10 and 50 cm. The error
550 function II(«,X,) plotted in Fig. 10(b), in fact, shows a valley of
551 absolute minima including the exact solution.

552  The latter case indicates that concentrated load conditions re-
553 quire loads to be applied on opposite sides of the crack in order to
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Fig. 7. Clamped-free beam with a single damage and two deflection
measurements on the left of the crack: (a) reduced error function

ﬁ(xo); (b) error function log IT(«,Xg) with its contour lines

provide uniqueness of the solution. The latter circumstance ex- °°%
plains the reason why in Fig. 7 in the original work by Di Paola 555
and Bilello (2004), after the introduction of noise in deflection 556
measurements, the highest mean error has been found for a load 557
sequence of concentrated loads equally spaced from the left hand 558
x=0 of the beam, the damage being located at x=0.75L. 559

Identification of Two Concentrated Damages 560

The extension of the solution of the direct analysis problem to the 561
case of multiple damaged beam, presented in Eq. (20) in terms of 562
deflection function, allows the treatment of the identification 563



Fig. 8. Clamped-free beam with a single damage and two deflection
measurements on the right of the crack: (a) reduced error function

ﬁ(xo); (b) error function log IT(«, %) with its contour lines

564 problem of two cracks as presented in this section. The same steel
565 beam, treated in the previous section, is here considered under the
566 pinned-pinned boundary conditions; however, two cracks n=2
567 concentrated at sections X5, =25 ¢cm and X, =70 cm are supposed.
568 Both cracks reach the same depth d;=d,=2.2 cm leading to the
569 damage intensity parameters B,;=p,=0.5. According to the pre-
570 sented damage model, the parameters to be identified, besides the
571 positions Xy, and Xy, are a;=a,=0.4824 cm.

572 In this double damage identification problem a single concen-
573 trated load condition (nlc=1) is considered as follows: P=2 kN
574 at Xp=50 cm. The necessary condition provided by Eq. (22) indi-
575 cates that at least nm=4 deflection measurements are needed. In
576 particular, two couples of measurements, each bridging a crack,
577 are generated by means of Eq. (20) at the following cross sec-
578 tions: x; =10 cm, x,=30 c¢cm, x3=60 cm, and x,=85 cm (such that
579 Xq < Xo1 <X <Xz < Xgp <Xy)-

580  The first step of the identification procedure presented previ-
581 ously has led to a reduced error function I1(Xg;,Xo,), plotted in

Fig. 9. Pinned-pinned beam with a single damage, one deflection
measurement, and two concentrated load conditions bridging the
crack: (a) reduced error function ﬁ(xo); (b) error function
log IT(x,Xq) with its contour lines

Fig. 11. Two minima can be recognized in Fig. 11 (since crack 1 °82
can be exchanged with crack 2), both correspondent to the exact 583
solution of the identification problem x;;=25cm and «; 584
=0.4824 cm, and Xy, =70 cm and «,=0.4824 cm. It is important 585
to note that any other type of choice of four deflection measure- 586
ments, besides the one above described, would lead to indetermi- 587
nate solution of the problem. In fact, if the two cracks are con- 588
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Fig. 10. Pinned-pinned beam with a single damage, one deflection
measurement, and two concentrated load conditions on one side of
crack: (a) reduced error function TI(X); (b) error function
log IMT(«, %) with its contour lines

589 centrated at Xo; =40 cm and Xz, =70 cm and the measurements are
590 chosen at x;=10, X,=30, x3=60, X,=85 cm (such that x; <X,
591 < Xg1 <X3<Xg2<X4), the results shown in Fig. 12, for this case,
592 do not allow a unique identification of the damage parameters.

593  The nature of the damage identification problem implies that
594 the number of cracks is not known a priori; hence, in what fol-
595 lows, the performance of the identification procedure with the
596 double damage model when only one crack appears is explored.
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Fig. 11. Pinned-pinned beam with double damage and two couples
of deflection measurements each bridging a crack: reduced error

function log ﬁ(xm,xoz) with its contour lines

For the beam presented in the previous section a single crack
at x,=70 cm and an intensity parameter «=0.4824 cm; to be
identified, is considered under pinned-pinned boundary condi-
tions. The error function IT(a;,Xg)(i=1,2) is obtained by means
of a double damage model on the basis of a single concentrated
load condition P=2 kN at x,=50 cm and four deflection mea-
surements at x; =10, x,=30, X3=60, and x,=85 cm. The reduced

error function ﬁ(xm,xoz) obtained by means of minimization with
respect to a4, a, is plotted in Fig. 13.

Inspection of Fig. 13 reveals that the reduced error function
does not show a unique minimum; on the contrary, the zero value
is reached over an entire valley. However, it has to be noted, first,
that all the minima belong to the straight line X,; =70 cm (and the
symmetric line Xy,=70 cm), indicating that one damage is surely
located at 70 cm (which is the exact solution). Furthermore, for
each couple Xy, Xg2, Where the minimum is attained, the associ-
ated intensity parameters o, and «,, although both different from
the exact solution «=0.4824 cm, verify the following relationship

(e%] + (6 %) _ a
1-0A 1-aA 1-aA

(23)

which indicates that by adding the identified stiffnesses a;/(1
—a;A) and a,/(1-a,A) the stiffness a/(1-aA) equivalent to the
exact damage is recovered.

It can be concluded that the damage is unique, is located at
Xo=70 cm, and the exact identified intensity parameter «
=0.4824 cm can be obtained by solving Eq. (23) with respect to
a, as follows
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Fig. 12. Pinned-pinned beam with double damage and only one
deflection measurements between the two cracks: reduced error

function log ﬁ(xOl,xoz) with its contour lines

( ” . ) ( " . )

o= + 1+ +

l_OllA 1_0L2A 1_0L1A 1_(12A

623 (24)

624 where « and «, take the values associated to those couples Xg;
625 and Xg,, where the reduced error function attains the minimum.
626  Finally, in order to further test the proposed identification pro-
627 cedure when the number of cracks is not a priori known, the case
628 of beams in presence of two cracks while the identification model
629 is limited to a single crack is also discussed. It is obviously ex-
630 pected that the identification procedure does not identify the exact
631 solution since the single crack model cannot reproduce the actual
632 damage configuration.

633  Two actual damages with intensities oy =a,=0.4824 cm, con-
634 centrated at Xy, =40 and X, =60 cm, are supposed in the previ-
635 ously considered pinned-pinned beam. A damage model with a
636 single crack is adopted; hence, two deflection measurements and
637 a single load condition fulfil the necessary condition [Eq. (22)] to
638 identify a single crack.

639  Since it has been shown that a single crack must lie between
640 the two measurements to have a unique solution, displacements
641 are measured at the left and at the right of the actual cracks
642 (X1 =30 cm <Xy <Xg<X,=70 cm). The result of the identifica-
643 tion procedure is reported in Fig. 14 where the reduced error
644 function shows a unique minimum at x,=50 cm, which is an in-
645 termediate position between the two damages; furthermore, the
646 error function, also showing a unique minimum, indicates an in-

Fig. 13. Pinned-pinned beam with a single damage and four

deflection measurements: reduced error function log ﬁ(x01,x02)
evaluated by means of the model with two cracks

tensity parameter a=0.4877 cm greater than the value of the ac- 647
tual intensities a;=a,=0.4824 cm. 648
Sensitivity to Experimental Noise 649

In the previous section the capability of the proposed identifica- 650
tion procedure of providing exact solutions on the basis of exact 651
measurements has been tested. However, if experimental mea- 652
surements are given by real tests they are expected to be affected 653
by noise that is the source of error influencing the results of the 654
identification procedure. Hence in this section the sensitivity of 655
the proposed identification procedure to the variability of the ex- 656
perimental data is explored. The noise will be considered as a 657
random variable, and the identified damage parameters, provided 658
by the proposed identification procedure, have to be considered as 659
random variables too. For this study experimental deflection mea- 660
surements u&(x) are simulated as follows: 661

US(Xin)) = U0k, Xgi, X[ + Ry ] 662
(i=1,...,n;m=1,...,nm;I=1,...,nlc) (25) 663

where u(a, Xg;, Xm ) =€exact deflection values at X, abscissae, 664
provided by the solution in Eq. (20) of the adopted damaged 665
beam model, with «; and X,; being the actual damage parameters; 666
R, =uniformly distributed random variables independent of each 667
other with zero mean and given amplitude range. For each sample 668
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Fig. 14. Pinned-pinned beam with double damage and two deflection

measurements: reduced error function log ﬁ(xm,xoz) evaluated by
means of the model with a single crack

669 of generated random variables (k) , a sample uE®(x m1) Of experi-
670 mental data will be obtained by means of Eq. (25) and the iden-
671 tification procedure will provide a sample of perturbed identified
672 damage parameters o, x¥'. Generating ns samples and perform-
673 ing ns identification procedures represent the well known Monte
674 Carlo simulation. Sensitivity of the solution of the identification
675 procedure to experimental measurement noise is studied by
676 means of the normalized average mean error (AME) and the nor-

malized average standard deviation (ASD) defined as follows

(Banan et al. 1994b)
E[a® Efx®
e L E{' () - | | EIX]- Xo||} 6
Nz Qj Xoi
10 aa_(lo o
AD=—> | — J (26b)
2nig \ o in
where E[a(k)] and E[ k)] indicate the mean; and o, ® and o ®

=standard deviation of the identified intensity and posmon dan%-
age parameters, respectively. It has to be noted that the error
parameters adopted in Eqgs. (26) are normalized with respect to
the actual damage parameters, intensity and position («; and X);
hence, absolute errors do not count equally for different damage
parameters. However, error parameters adopted to evaluate the
influence of experimental noise have been chosen as in Eq. (26)
in order to provide results consistent with those presented by
Banan et al. (1994b) and Di Paola and Bilello (2004). Further-
more, normalized errors expressed in percentage provide an error
measure to be compared with the experimental noise amplitude
introduced in the experimental deflection measurements. How-
ever, in case absolute errors on damage parameters are needed,
denominators appearing in Eq. (26) should be left out.

The beam with single damage described previously under the
pinned-pinned boundary condition and reported in Fig. 2(a) is
here considered by assuming that experimental deflection mea-
surements are taken at x;=30 cm and x,=70 cm and simulated
according to Eq. (25). Two levels of proportional noise are ana-
lyzed by considering the amplitude ranges 5 and £10% for the
random variables Ry,;. The proposed identification procedure has
been performed by reproducing experimental tests for eight dif-
ferent load conditions (nlc=8). The load conditions have been
obtained by means of a concentrated load P=2 kN at eight dif-
ferent positions xp;, and denoted as load conditions number k=1
through to k=8 as reported in Table 1.

For each single load condition (k=1,...,8), with noise ampli-
tude 5%, Monte Carlo simulation of the damage identification
procedure for an increasing number of samples up to ns=2,000
has been performed, and results in terms of AME and ASD are
reported in Figs. 15(a and b). Inspection of Figs. 15(a and b)
reveals that, for each single load condition, the normalized aver-
age mean error AME and standard deviation ASD of the identifi-
cation procedure solution tend to establish to fixed values as the
number of samples increases, as also indicated by Banan et al.
(1994a) and called “bias error.” However, the above-mentioned
fixed values of AME and ASD reached for an increasing number
of samples, and denoted AME and ASD in what follows, depend
on the position of the concentrated load. Inspection of Figs. 15(a
and b) reveals that, in order to recognize the correct noise influ-
ence on the identified parameters and compare the sensitivity to
the noise for different load conditions, a number of samples
greater than 1,500 should be considered. As a consequence, for
the limit quantities AME and ASD, the values obtained by Monte
Carlo simulation for 2,000 samples have been assumed and plot-
ted in Figs. 16(a and b).

Table 1. Concentrated Load Condition Numeration with respect to Position X,.

Concentrated load condition number k 3 5
Position of the concentrated load xp [cm] 10 35

Crack 8 4 6 1 2
40 42 45 50 60 80
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Fig. 15. (a) Average mean error; (b) average standard deviation for
eight different loading conditions k=1,...,8, listed in Table 1,
against the number of samples in the Monte Carlo simulation for
noise amplitude 5%

728 Analysis of Figs. 16(a and b) shows that load conditions de-
729 noted as k=1 and k=2 (corresponding to concentrated loads at
730 X, =60 cm and x,, =80 cm, hence distant from the crack) lead to
731 mean error AME and dispersion of data ASD higher than those
732 produced by other concentrated loads. In any case, for any load
733 condition, it can be noted that the average mean error AME of the
734 identified damage parameters is always (<0.8%) less than the
735 assigned level (5%) of the experimental noise. Hence, the pro-
736 posed identification procedure tends to reduce the error affecting
737 the input data. Furthermore, the proposed identification procedure
738 based on the minimization problem in Eq. (21) allows to take into
739 account all the displacement data obtained by static tests for dif-
740 ferent load conditions; in fact, summation in Eq. (21) is extended
741 up to nlc load conditions. It is expected that the more load con-
742 ditions that are considered in the optimization problem, the better
743 is the reduction of the noise effect on the identified parameters. In
744 particular, the proposed identification procedure has been per-
745 formed by introducing in Eq. (21) displacement data for an in-
746 creasing number of load conditions according to a prescribed se-
747 quence given by k, in Table 1, increasing from 1 to 8. The results
748 of the Monte Carlo simulation in terms of AME and ASD for an

Fig. 16. (a) Average; (b) average standard deviation reached, at 2000
samples, by the eight loading conditions k=1, ...,8, listed in Table 1,
with noise amplitude 5%

increasing number of load conditions in the summation in Eq. 749
(21) are reported in Figs. 17(a and b) for noise levels 5% and 750
10%. The results reported in Figs. 17(a and b) show that adding 751
load conditions, according to the prescribed load sequence, pro- 752
vides a substantial decrement of the noise effect both in terms of 753
AME and ASD. 754

Conclusions 755

In this work the problem of the concentrated damage identifica- 756
tion in Euler-Bernoulli beams has been addressed. A linear behav- 757
ior of the damaged beam has been considered and no restrictions 758
concerning the damage intensity has been introduced. First the 759
direct analysis problem under the influence of static loads has 760
been solved in closed form by modeling concentrated damages as 761
Dirac’s delta distributions in the flexural stiffness. On the basis of 762
the proposed direct analysis solution the inverse identification 763
problem has been tackled by means of an optimization procedure. 764
The proposed model led to an explicit nonquadratic function to be 765
minimized and formulated in explicit form in terms of position 766
and intensity parameters to be identified, measuring the error be- 767
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Fig. 17. (a) Average mean error; (b) average standard deviation for
load sequence 1-2-3-4-5-6-7-8

768 tyeen the analytical model response and experimental data.

769  The presented approach allows an easy solution of the damage
770 identification problem. It has to be remarked that the explicit error
771 function to be minimized hold for both statically determinate and
772 indeterminate beams without any additional computational effort.
773 The difference between the two cases lies in the expression of the
774 constants dependent on the boundary conditions only.

775 A few cases regarding beams with different boundary condi-
776 tions with single and double concentrated damages have been
777 solved. In particular, different positions of deflection measure-
778 ments and concentrated loads have been analyzed and some suf-
779 ficient conditions, dependent on the boundary conditions, for the
780 uniqueness of the solution have been “a posteriori” recognized.
781  Analysis of the results provided useful suggestions concerning
782 the position of the deflection measurers to be adopted in real
783 experimental tests. The presented procedure provides also encour-
784 aging results in those cases in which the number of concentrated
785 damages is not known “a priori.”

786  Finally, the performance of the proposed procedure, where the
787 experimental data are affected by instrumental noise, has been
788 analyzed. The noise has been modeled by means of a random
789 variable and the average mean error and average standard devia-
790 tion of the identified parameters have been studied. It has been

14 / JOURNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2007

shown that, under different load conditions, the instrumental noise /9%
affects, to a different extent, the mean error and the dispersion of 792
the identified parameters. Increasing the number of load condi- 793
tions in the optimization problem provides the average mean error 794
and standard deviation of the identified parameters approaching 795
the zero value. 796
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Appendix. Definition of the Product of Two Dirac’s 801
Deltas 802

In the classical theory of distributions, although the product of 803
distributions is well defined, the proposed definitions cannot be 804
extended to the product of two Dirac’s deltas centered at the same 805
point. 806

In the literature some theories address the problem of defini- 807
tion of new classes of multiplication of distributions to be applied 808
to two or more Dirac’s deltas centered at the same point. Usually, 809
theories attempting a definition of the product of distributions rely 810
on: (1) regularization of the distributions in order to obtain con- 811
tinuous functions able to return to the original distributions by 812
means of a limiting procedure; (2) multiplication, in the sense of 813
distributions, of the regularized distributions; (3) definition of the 814
product of two or more distributions by means of a limiting pro- 815
cedure applied to the multiplication of the regularized distribu- 816
tions as defined in step 2. The theory proposed by Bremermann 817
and Durand (1961) is based on a regularization of distributions by 818
means of the so called analytic continuation of a distribution. The 819
Colombeau’s theory (Colombeau 1984) follows a different ap- 820
proach to define a regularized version of a distribution called the 821
sequential completion. The latter makes use of the so-called 822
d-sequences, and the regularized distribution is defined as the 823
convolution of the original distribution with the 3-sequences. It 824
has to be remarked that the previously mentioned theories for 825
regularized distributions do not allow the definition of the product 826
of Dirac’s deltas. 827

In this appendix a different approach, proposed by Bagarello 828
(1995, 2002), which makes use of both previously mentioned 829
definitions of regularized distributions in order to introduce a new 830
multiplication for distributions is reported. The multiplication in- 831
troduced by Bagarello applies only to distributions for which both 832
analytic continuation, dependent on an & parameter, and convolu- 833
tion with &-sequences, dependent on a -y parameter, exist, and it 834
has been proved to apply to Dirac’s delta and its derivatives. In 835
particular, according to Bagarello (1995), a regularized distribu- 836
tion 3., Of a Dirac’s delta is considered first by means of an 837

analytic continuation as follows 838
1 1 1
Sredl X, — | = 27
red( ns) e , 1 ( )
X+ 2
n 839

and then another regularized distribution 851” is considered by 840
means of the following 8-sequence 841



842 3 (x) = N"d(nx) (28)

843 for any fixed n and where ®(x) is a suitable chosen function with
844 support [-1,1] and such that f*,®(x)dx=1.

845  According to the multiplication for distributions proposed by
846 Bagarello (1995) the product of two Dirac’s deltas, making use of
847 the regularized distributions reported in Egs. (27) and (28), de-
848 pending on the choice of the parameters ¢ and v, is defined as
849 follows

[3(X)3(X)].,[¥(x)] = lim f‘” BEV)(X)S,ed(x,#)\If(x)dx

850 (29)

851 for any test function W (x).
852  The limit of the sequence defined in Eq. (29) exists if we
853 require the function ®(x) appearing in Eq. (28) to be of the form

X expl <1
d(x)=1 F &P e (30)

854 0 X =1

855 where m=natural number; and F=normalization constant and the
856 fulfillment of the inequality

857 e=-2y=0 (31)

858  The limit of the sequence in Eq. (29) under the conditions
859 provided by Egs. (30) and (31) defines the product of two Dirac’s
860 deltas as follows (Bagarello 1995, 2002):

Ad Vg e=2
[8<x>8(x>]s,y(\p<x>>={ AHYX] e=2y

32
861 0 e>2y (32)
862 where
1 (" d(x
A== f P ¢ (33)
863 m)og X

864 In this paper we adopt the first option provided by Eq. (32) as
865 the product of two Dirac’s deltas, which returns the properties of
866 a single Dirac’s delta if e=2vy is assumed. Furthermore, in order
867 to guarantee the existence of the integral in Eq. (33), it is assumed
868 j=2 and m=2 appearing in Eq. (30), such that

1 (" d(x
A== J #dx=2.013 (34)
869 m)g X

870  According to Eq. (32) for e=2vy, the product of two Dirac’s
871 deltas both centered at x, is a single Dirac’s delta and will be
872 adopted throughout the paper by means of the following formal
873 expression

874 B(X = Xg)d(X = Xg) = AS(X — Xg) (35)

875 where the application of the Dirac’s delta to any test function is
876 implicitly assumed and where the constant A=A,=2.013 defined
877 by Eq. (34) is adopted.
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